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Abstract
We study the classic assortment optimization problem in which a retailer seeks the revenue
maximizing set of products to offer to each arriving customer. This paper relates two variants
of this assortment problem: the space constrained assortment problem, in which the retailer
has a limit on the total space of the offered assortment, and the fixed cost assortment problem,
in which the retailer incurs a fixed cost for each offered product. In particular, we develop an
approximation scheme for the space constrained problem for any random utility choice model
that only relies on the ability to solve the corresponding fixed cost assortment problem. We then
apply this technique to give a constant factor approximation scheme for the space constrained
assortment problem under a general choice model for vertically differentiated products. Last,
we present computational results to show the efficacy of this approach.
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Introduction

Developing and analyzing models for how consumers make purchasing decisions is critical for any
retailer. Customer choice models provide a means for the retailer to do exactly this. Specifically,
these models allow the retailer to map any assortment of products to the probability that each
product in the assortment is purchased. A key characteristic of these models is that they provide
a framework for representing customer substitution behavior, the phenomenon when a customer
settles for a suitable alternative when she does not find her target product available for purchase.
Further, customer choice models are able to capture how various product features affect these
substitution patterns and hence affect purchase probabilities. This latter point is a modeling
nuance; there is no single way to model how consumers are influenced by the various features of
each product. As a result, there are a variety of customer choice models, each of which models how
the features of a product shape substitution patterns differently.
Once the retailer has selected a suitable customer choice model, she can then use this model
to help make optimal stocking and inventory decisions. One of the most fundamental optimization
problems retailers face has come to be known as the assortment optimization problem. In this
problem, the retailer must decide which products to offer with the objective of maximizing the
expected revenue from each arriving customer. The unconstrained version of this problem assumes
that there are no restrictions on the set of products that the retailer can offer. This classic problem
can be extended in two ways in an effort to model a more realistic retailing setting. First, a space
constraint is often added, capturing the setting in which there is a physical space restriction (e.g.

shelf space) or limited online real estate (e.g. page limit). The second extension associates a fixed
cost for offering each product, which can represent an ordering or stocking cost.
These additions to the assortment problem are usually imposed separately. For example, Rusmevichientong et al. (2010), Désir and Goyal (2014), and Davis et al. (2013) study variations of the
space constrained assortment problem under the multinomial logit choice (MNL) model without a
fixed cost for offering a product. On the other hand, Honhon et al. (2012) and Kunnumkal and
de Albeniz (2017) study the fixed cost assortment problem under various choice models without
any consideration of a space constraint. Further, the algorithmic ideas and techniques employed to
tackle these two optimization problems are generally quite different. Nonetheless, the underlying
structural similarity between the two problems is that both problems associate a “penalty” for each
product that is included in the assortment. For the space constrained problem, this penalty is a
decrease in the available shelf space for other products. For the fixed cost problem, this penalty is
more straightforward, as the retailer incurs a cost for adding the given product to the assortment.
Further, when the space constraint is dualized using Lagrangian multipliers, the resulting optimization problem for a fixed Lagrangian multiplier is exactly the fixed cost assortment problem.
Building on this notion that the two assortment problems are seemingly related, we seek to develop
a more technical connection between the two problems.
In this paper, we provide the first link between the approximability of the space constrained
assortment problem and the fixed cost assortment problem. For any random utility maximization
(RUM) choice model, we show that if one can solve the fixed cost assortment problem optimally,
then this immediately leads to a polynomial time

1−
3 -approximation

for any  > 0 for the space

constrained problem. We go on to show how these results and techniques lead to new results for the
space constrained assortment problem under a classic model for vertically differentiated products.
Contributions.

We begin by relating the approximability of the fixed cost and space constrained

assortment problems. We show that if the fixed cost assortment can be solved optimally, then this
solution approach can be used to derive a

1−
3 -approximation

for any  > 0 for the space constrained

problem. Our approach has two parts and can be applied to any RUM choice model. Further, the
approximation scheme we present is simple in nature and efficient to implement. In the first
part, we assume that we have a solution to a relaxed version of the space constrained assortment
problem in which the retailer is allowed to choose two assortments and randomize her offer decision
between these two assortments. In this relaxed version, we only require that the space constraint
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holds in expectation. We show that given a solution to this relaxed problem it possible to find an
assortment of products that is feasible to the original space constrained problem and garners an
expected revenue of at least one-third of the objective value of the relaxed solution. The second
part of our approach details how we find a solution to the aforementioned relaxed problem with
objective value at least 1 −  times the optimal expected revenue for the space constrained problem,
for any  > 0. To find such an assortment, we rely on a black box algorithm for the fixed cost
assortment problem. In the setting in which each product consumes a single unit of space, and
hence the space constraint merely implies a limit on the total number of offered products, we are
able to tighten the analysis of our approach.
We use the link that we develop to give a new result for the space constrained assortment
problem under a general model for vertically differentiated products. The choice model that we
introduce is a generalization of the classic linear utility model first seen in Mussa and Rosen
(1978), where the random utility that an arriving customer associates with product i is given by
Ui (θ) = θqi − pi . In this expression, qi and pi are the quality and price of product i, respectively,
and θ is a random variable with distribution F (θ) that represents how an arriving customer values
quality over price when making a purchasing decision. We defer the details of this model to a later
section but note that we refer to this more general choice model for vertically differentiated products
as the sequential flips nonparametric choice model. We first show that the space constrained
assortment problem under the sequential flips nonparametric choice model is NP-Hard. We then
show there exists a simple dynamic program for the fixed cost assortment problem, immediately
yielding a

1−
3 -approximation

for any  > 0 for the space constrained problem.

In Appendix A.1, we extend our general approximation scheme to settings where the fixed cost
assortment problem can only be approximated. We show that if the fixed cost assortment can be
approximated within a factor of δ < 1, then this solution approach can be used to derive a

(1−)δ
3 -

approximation for any  > 0 for the space constrained problem. In fact, our approach is valid even
when a heuristic approach with no performance guarantee is applied to the fixed cost problem.
In this case, we are still guaranteed to produce a feasible assortment for the space constrained
problem, however the performance of this assortment will be dependent on how well the heuristic
performs on the specific instances that are considered and hence does not come with a theoretical
guarantee.
We follow our theoretical results with an extensive set of computational experiments, which
study the efficacy of our two step approximation scheme for solving space constrained assortment
3

problems. We apply our scheme to solve space constrained assortment problems under the MNL,
Markov chain, and sequential flips choice models. We add the former two models to our study
due to their ubiquity in the revenue management literature and their reputation as robust choice
models. Further, in studying these three models, we are able to apply our approximation scheme
in scenarios in which the corresponding fixed cost assortment problem can be approximated and
solved optimally. In particular, for the MNL choice model, we use the 12 -approximation for the fixed
cost problem that is developed in Kunnumkal and de Albeniz (2017). For the fixed cost problem
under the sequential flips model, we use the optimal dynamic program that we develop in Section 2.
Finally, to the best of our knowledge, there is no known approximation algorithm for the fixed cost
problem under the Markov chain choice model, and hence we apply a local search heuristic. In
each of these settings, we find that our two step approximation scheme performs quite well, often
producing assortments that are near optimal.
The implications of our results extend beyond a theoretical link between the two assortment
problems and a new means to solved constrained assortment problems. First, we show that our
results immediately provide a constant factor bound on the optimal objective value of the dual
problem that results from relaxing the knapsack constraint in the space constrained assortment
through a Lagrangian multiplier. In this way, we give a worst case gap of the upper bound provided
by this relaxation, which can be used to assess the performance of various heuristics for the space
constrained problem. Dualizing complicated constraints in an effort to develop tractable upper
bounds is a common approach applied to various revenue management problems. For example,
Topaloglu (2009) and Feldman and Topaloglu (2015a) apply this approach in the context of the
network revenue management problem and the assortment optimization problem under a mixture
of multinomial logit models, respectively. Neither, however, is able to bound the ensuing duality
gap as we do. In this way, we believe that our results represent an important step in better
understanding the effectiveness of this approach.
Second, the algorithmic ideas presented in Section 2.1 prove useful for solving other assortment
optimization problems. A critical component of the algorithm presented in Feldman (2017) for the
space constrained assortment problem under the paired combinatorial logit model is the ability to
derive a single feasible assortment from the relaxed space constrained problem described above, in
which the retailer is allowed to choose two assortments and randomize her offer decision between
these two assortments. Hence, while the techniques supplied in this paper are applied to general
RUM choice models, there is the potential to focus these techniques towards specific choice models
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and obtain new results.
Literature Review. Assortment optimization has been thoroughly studied under many choice
models. In a seminal paper, Talluri and van Ryzin (2004) solve the unconstrained assortment
optimization problem when customers choose according to the MNL choice model. Extending
this result, Rusmevichientong et al. (2010), Wang (2012), Davis et al. (2013), and Wang (2013)
study various versions of the constrained assortment problems under the MNL model. Further,
Kunnumkal and de Albeniz (2017) consider the fixed cost version of the assortment problem under
the MNL choice model.
Many other parametric models have been introduced and studied in order to generalize the
MNL model and better capture more complex substitution behavior. In particular, Méndez-Dı́az
et al. (2014), Désir and Goyal (2014), and Rusmevichientong et al. (2014) focus on assortment
problems when customer choices are governed by a mixture of multinomial logit models. Li and
Rusmevichientong (2014) and Davis et al. (2014) develop efficient solution methods for the unconstrained assortment problem when customers choose under the nested logit model. Gallego
and Topaloglu (2014) and Feldman and Topaloglu (2015b) consider constrained versions of the
assortment problem when customers choose according to the nested logit model. With regards to
the recently introduced Markov chain choice model, Blanchet et al. (2016) and Désir et al. (2015)
solve the unconstrained and constrained versions of the assortment problem, respectively. Finally,
Jagabathula (2014) considers the efficacy of greedy algorithms under general RUM choice behavior
when the retailer is given access to an oracle that can evaluate the revenue of any given assortment.
There is also fairly extensive literature on the nonparametric choice model. To our knowledge,
the first to consider assortment optimization under the nonparametric choice model was Honhon
et al. (2012), which considers a restricted set of potential preferences lists related to a tree structure
of the products. The authors add fixed costs to the assortment problem, but they do not consider
the addition of a space constraint. This result is extended in Paul et al. (2017), in which the authors
work in a more general tree setting. Two other papers that study the assortment problem under the
nonparametric choice model are Aouad, Farias, Levi and Segev (2015) and Aouad, Farias and Levi
(2015). The former proves various hardness results related to the unconstrained assortment problem
as well as a

1
e·d -approximation

for the special case where the lengths of the preference lists are at

most length d. The latter considers the unconstrained assortment optimization problem under
the nonparametric choice model when customer preference lists are associated with structured set
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systems defined over a single overarching ordering of the products. Finally, van Ryzin and Vulcano
(2017) and Farias et al. (2013) study the problem of estimating the underlying arrival probabilities
of each customer class from historical sales data.
The work we present regarding the sequential flips nonparametric choice model is most closely
related to the work in Pan and Honhon (2012). The authors of this paper study both pricing and
assortment problems under the linear utilities choice model but do not consider the addition of a
space constraint. The authors of this paper show that the pricing and assortment problems can be
reduced to a tractable shortest path problem whose size scales nicely with the number of products.
Our dynamic programming approach for the fixed cost assortment optimization problem under the
sequential flips nonparametric builds on this approach by viewing this choice process through the
lens of the nonparametric choice model. To the best of our knowledge, we are the first paper that
considers the space constrained assortment problem under this model for vertically differentiated
products.

1.1

Organization

The remainder of this paper is organized as follows. In Section 2, we formally define the space constrained and fixed cost assortment optimization problems and present our two part approximation
scheme. In Section 3, we introduce the sequential flips model in relation to the linear utilities model
and develop a simple dynamic program for the fixed cost assortment problem, allowing us to apply
the approximation scheme from the preceding section to solve the space constrained assortment
problem. We then test the efficacy of our algorithm through a series of computational experiments
in Section 4. Last, we conclude and propose directions for future work in Section 5.

2

The Fixed Cost and Space Constrained Assortment Problems

In the assortment optimization problem, a firm chooses a subset of products S ⊆ N to offer to
customers with the intention of maximizing the expected revenue from an arriving customer when
purchasing decisions are governed by a pre-specified customer choice model. For assortment S ⊆ N
and product j ∈ S, we let Prj (S) be the probability that product j is purchased when assortment
S is offered under this choice model. We work under the assumption that the pre-specified choice
model is a random utility maximizing (RUM) choice model, which includes the majority of popular
choice models such as the MNL, nested logit, and Markov chain choice models among many others.
We will make use of the following well known property of any RUM choice model, which states
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that when a product is added to an assortment, the purchase probabilities of other products in the
assortment cannot increase. This property is often referred to as regularity or substitutability and
extends beyond the family of RUM choice models.
Fact 2.1. For any assortments S1 , S2 such that S1 ⊆ S2 and j ∈ S1 ∩ S2 we must have that
Prj (S1 ) ≥ Prj (S2 ).
Given these purchase probabilities, we denote the expected revenue of a given assortment S ⊆ N
P
as Rev(S) = j∈S rj Prj (S). In the space constrained assortment problem, every product
i ∈ N also has a given space consumption ci ≥ 0, and there is a limit C on the total space
consumption of an offered assortment. In this case, the goal of the retailer is to find the revenue
maximizing assortment subject to this knapsack constraint on the space consumption of the offered
assortment. This problem can be expressed as follows
OPTc =
where C(S) =

P

i∈S ci

max

Rev(S),

(1)

S⊆N :C(S)≤C

is the space consumption of assortment S ⊆ N . In the case that ci = 1

for all i ∈ N , the space constraint enforces that at most C products are included in the offered
assortment. This version of the problem is often referred to as the cardinality constrained
assortment problem.
In order to present our general approximation scheme for the space constrained assortment
problem we also consider another variant of the assortment problem in which there is a fixed cost
fi for offering product i ∈ N , representing an ordering or stocking cost, and the retailer would like
to maximize expected revenue minus these offering costs. In this case, the fixed cost assortment
problem can be expressed as
OPTf = max Rev(S) −
S⊆N

X

fi .

(2)

i∈S

In what follows, we provide the first link between the approximability of problems (1) and (2).
In particular, we assume that we can solve the fixed cost assortment problem and then use this
algorithm as a black box to develop an efficient constant factor approximation algorithm to the
space constrained problem.

2.1

Solving the Space Constrained Assortment Problem

Our approach unfolds in two steps. We begin by assuming that we can find a solution to a modified
instance of the space constrained assortment problem that has objective function value R. In
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particular, we assume that we can find two assortments S1 and S2 along with a weight 0 ≤ α ≤ 1
such that
αRev(S1 ) + (1 − α)Rev(S2 ) ≥ R
and
αC(S1 ) + (1 − α)C(S2 ) ≤ C.
In other words, if the retailer offers S1 with probability α and S2 with probability 1 − α, then
she obtains an expected revenue at least R in expectation and also satisfies the space constraint
in expectation. In the first step, we show how to derive an assortment S̄ from S1 and S2 with
expected revenue at least R/3 and space consumption at most C. We do so by considering the
linear programming relaxation of a knapsack problem. Next, we show how to find S1 , S2 , and α
satisfying αRev(S1 )+(1−α)Rev(S2 ) ≥ (1−)OPTc and αC(S1 )+(1−α)C(S2 ) ≤ C. Our approach
for this latter step considers the Lagrangian relaxation of the space constrained problem, which
turns out to be exactly the fixed cost version of the assortment problem. The critical step in our
approach is choosing the appropriate Lagrangian multiplier in order to produce two assortments
of the nature described above. Combining the two steps yields an assortment S̄ that satisfies
Rev(S̄) ≥

(1−)
3 OPTc .

In the setting in which ci = 1 for all i ∈ N , we show that our analysis of

this two step approach can be tightened to show that Rev(S̄) ≥

(1−)
2 OPTc .

We proceed by detailing our approach for step one. Suppose that we have found S1 , S2 , and
α as described above. We assume without loss of generality that C(S1 ) ≤ C(S2 ) and hence the
assortment S1 is feasible for the space constrained problem. Thus, we have found one initial feasible
solution with expected revenue Rev(S1 ) ≥ αRev(S1 ). Next, we show how to find an assortment Ŝ
such that Rev(Ŝ) ≥ (1 − α)Rev(S2 )/2. Consider the following linear programming relaxation of a
constructed knapsack problem in which the items are the products of S2 .
∗
= max
Zknap

X

rj Prj (S2 )xj

(KNAP)

j∈S2

s.t.

X

cj xj ≤ C

j∈S2

0 ≤ xi ≤ 1.
In this knapsack problem, the value of item j ∈ S2 is rj Prj (S2 ) and its space consumption is cj .
The following proposition shows that we can construct a feasible solution to Problem (KNAP) that
has objective function value (1 − α)Rev(S2 ).
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Lemma 2.2. The solution x̃j = 1 − α for all j ∈ S2 is a feasible solution to the knapsack linear
program and has objective function value equal to (1 − α)Rev(S2 ).
Proof. First we show that the proposed solution is feasible by considering its space consumption.
X

cj x̃j = (1 − α)

j∈S2

X

cj = (1 − α)C(S2 ) ≤ C.

j∈S2

The inequality follows from the properties of S1 and S2 . Thus, x̃j is a feasible solution to the
knapsack linear program. Further, its objective function value is
X

X

rj Prj (S2 )x̃j = (1 − α)

j∈S2

rj Prj (S2 ) = (1 − α)Rev(S2 ).

j∈S2

Lemma 2.2 shows that the optimal objective function value of the knapsack linear program
is at least (1 − α)Rev(S2 ). Further, it is well known that the optimal solution to the linear
programming relaxation of any knapsack problem has at most one fractional variable value. Let x∗
be an optimal solution to the linear programming relaxation, and let Ŝ1 = {j ∈ S2 : x∗j = 1} and
Ŝ2 = {j ∈ S2 : 0 < x∗j < 1}. Note that |Ŝ2 | ≤ 1. The following lemma bounds the revenue of the
best of these two solutions.
Lemma 2.3. Let Ŝ = argmaxS∈{Ŝ1 ,Ŝ2 } Rev(S). Then, C(Ŝ) ≤ C and
1
Rev(Ŝ) ≥ (1 − α)Rev(S2 ).
2
Further, if ci = 1 for all i ∈ N , then Rev(Ŝ) ≥ (1 − α)Rev(S2 ).
Proof. By the feasibility of x∗ , C(Ŝ1 ) ≤ C. Further, without loss of generality, every product has
a space consumption of at most C. Therefore, C(Ŝ2 ) ≤ C as well, and so C(Ŝ) ≤ C. Next, we
consider the revenue of assortment Ŝ.
Rev(Ŝ) = max{Rev(Ŝ1 ), Rev(Ŝ2 )}


X
X
≥ max 
rj Prj (S2 ),
rj Prj (S2 )
j∈Ŝ1

j∈Ŝ2


≥



1 X
rj Prj (S2 )x∗j 
2
j∈S2

1
≥ (1 − α)Rev(S2 ).
2
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The first inequality comes from the fact that Ŝ1 , Ŝ2 ⊆ S2 and hence we can apply Fact 2.1. The
second inequality results from the fact that
X

rj Prj (S2 ) +

j∈Ŝ1

X

rj Prj (S2 ) ≥

X

rj Prj (S2 )x∗j .

j∈S2

j∈Ŝ2

Finally, the last inequality follows from Lemma 2.2.
In the case that ci = 1 for all i ∈ N , we may assume that C is an integer value. In this case,
the optimal solution to the knapsack problem is integer valued and so Ŝ2 = ∅. This immediately
∗
implies that Rev(Ŝ1 ) = Zknap
≥ (1 − α)Rev(S2 ).

At this point, we consider either offering the assortment S1 or Ŝ.

Let S̄

=

argmaxS∈{S1 ,Ŝ} Rev(S). The following proposition shows that returning the best of these two
assortments produces an assortment S̄ with revenue Rev(S̄) ≥ R/3.
Proposition 2.4.
Rev(S̄) ≥ R/3.
Further, if ci = 1 for all i ∈ N , then Rev(S̄) ≥ R/2.
Proof. Applying Lemma 2.3, Rev(S̄)

=

max{Rev(S1 ), Rev(Ŝ)}

≥

max{αRev(S1 ), 12 (1 −

α)Rev(S2 )}. Recall that αRev(S1 ) + (1 − α)Rev(S2 ) ≥ R. Therefore, if αRev(S1 ) ≥

1
3 R,

the

result holds. Otherwise, (1 − α)Rev(S2 ) ≥ 23 R, and again, the result holds. In the case that ci = 1
for all i ∈ N , Lemma 2.3 implies that Rev(S̄) ≥ max{αRev(S1 ), (1 − α)Rev(S2 )} ≥ 21 R.

2.2

Finding a Convex Combination of Assortments

Finally, we show how to find S1 , S2 , and α such that αC(S1 ) + (1 − α)C(S2 ) ≤ C and αRev(S1 ) +
(1 − α)Rev(S2 ) ≥ (1 − )OPTc for any  > 0, yielding a

1−
3 -approximation

algorithm for the

space constrained assortment problem. First, we assume that for a given customer choice model
we have access to a polynomial-time algorithm for the fixed cost assortment optimization problem.
We extend this result to the case when we have access to a δ-approximation algorithm for the
fixed cost assortment optimization problem, where 0 ≤ δ ≤ 1, in Appendix A.1. We consider
the Lagrangian relaxation of the space constrained assortment optimization problem in which we
associate a Lagrangian multiplier λ ≥ 0 with the space constraint. This problem is formulated as
OPTλ = max Rev(S) + λ(C − C(S)) = max Rev(S) − λC(S) + λC.
S⊆N

S⊆N
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(3)

First, note that for fixed λ ≥ 0, this problem is equivalent to the fixed cost assortment optimization problem with fi = λci , and hence, we can find an assortment Sλ in polynomial time such
that
Rev(Sλ ) − λC(Sλ ) + λC = OPTλ .
Note that for any λ ≥ 0, OPTλ ≥ OPTc since the optimal solution to the space constrained
assortment optimization problem is also a feasible solution to problem (3). Suppose that we can
find λ∗ ≥ 0 such that C(Sλ∗ ) = C. Then,
Rev(Sλ∗ ) = Rev(Sλ∗ ) − λ∗ C(Sλ∗ ) + λ∗ C = OPTλ∗ ≥ OPTc .
This also implies that OPTλ∗ = OPTc , since we also know that Rev(Sλ∗ ) ≤ OPTc . We show that
we either we can find λ∗ or we can find assortments Sλ1 and Sλ2 along with a carefully chosen α
such that αRev(Sλ1 ) + (1 − α)R(Sλ2 ) ≥ (1 − )OPTc for any  > 0.
We find Sλ1 and Sλ2 through bisection search on the interval [0, rmax /cmin ], where rmax =
maxi∈N ri and cmin = mini∈N ci . Initially, we set λ1 = 0 and λ2 = rmax /cmin . Note that for λ = λ1
the problem reduces to the unconstrained assortment problem and C(Sλ1 ) > C. On the other
hand, for λ = λ2 the penalty for offering any subset is always at least the revenue generated by
that subset and so Sλ2 = ∅. Consequently, C(Sλ2 ) < C < C(Sλ1 ). Given λ1 and λ2 , in each
iteration the algorithm tests the midpoint λ0 =

1
2 (λ1

+ λ2 ). If C(Sλ0 ) = C, then we return Sλ0 .

Otherwise, if C(Sλ0 ) > C, then we set λ1 = λ0 , and if C(Sλ0 ) < C, then we set λ2 = λ0 . We
repeat this process until either we find an assortment with a space consumption of exactly C or
P
until λ2 − λ1 ≤  · Revmin /C, where Revmin = maxi∈N Rev({i}) and C = i∈N ci . If Revmin = 0,
then we must have OPTc = 0 and hence it is optimal to offer nothing. Otherwise, we know that
Revmin ≤ OPTc since every product is itself feasible. We note that this implies that there are at
C·rmax
) calls to the fixed cost assortment problem, which is polynomial in the input
most O(log Rev
min ·cmin

size.
At the end of this bisection procedure, let S1 = Sλ1 and S2 = Sλ2 and set
α=

C − C(S2 )
C(S1 ) − C(S2 )

which implies
1−α=

C(S1 ) − C
.
C(S1 ) − C(S2 )

By construction of S1 and S2 , we know that 0 ≤ α ≤ 1. We now prove that S1 , S2 , and α satisfy
the properties we are looking for in order to find S̄.
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Proposition 2.5. Given assortments S1 and S2 and weight α, we have that αRev(S1 ) + (1 −
α)Rev(S2 ) ≥ (1 − )OPTc and αC(S1 ) + (1 − α)C(S2 ) ≤ C.
Proof. First, we note that
αC(S1 ) + (1 − α)C(S2 ) =

C − C(S2 )
C(S1 ) − C
C(S1 ) +
C(S2 ) = C.
C(S1 ) − C(S2 )
C(S1 ) − C(S2 )

Second, we analyze the revenue of the convex combination.
OPTc ≤ αOPTλ1 + (1 − α)OPTλ2
= αRev(S1 ) + (1 − α)Rev(S2 ) + αλ1 [C − C(S1 )] + (1 − α)λ2 [C − C(S2 )]
= αRev(S1 ) + (1 − α)Rev(S2 ) + λ2 (α[C − C(S1 )] + (1 − α)[C − C(S2 )])
− (λ2 − λ1 )α(C − C(S1 ))
= αRev(S1 ) + (1 − α)Rev(S2 ) − (λ2 − λ1 )α(C − C(S1 ))
≤ αRev(S1 ) + (1 − α)Rev(S2 ) + (λ2 − λ1 )C
≤ αRev(S1 ) + (1 − α)Rev(S2 ) + Revmin

Subtracting the Revmin term over and recalling that Revmin ≤ OPTc gives the desired result.
The second to last inequality follows from our stopping criterion on the difference between λ2 and
λ1 .
Combining the results from both steps yields the following theorem.
Theorem 2.6. If there exists a polynomial-time algorithm for the fixed cost assortment optimiza1−
3 -approximation algorithm for
problem and a (1−)
2 -approximation

tion problem under any RUM choice model, then there exists a
the corresponding space constrained assortment optimization

algorithm for the cardinality constrained assortment optimization problem.
Proof. Combining Proposition 2.4 and 2.5 gives the result.
An interesting consequence of the above approach is that it allows us to bound the duality gap
when we associate a Lagrangian multiplier with the knapsack constraint in the space constrained
assortment problem. This relaxed problem is given in equation (3). Let λ̂ = argminλ≥0 OPTλ . The
following theorem relates the optimal dual objective OPTλ̂ to OPTc .
Theorem 2.7. For any RUM choice model, we have that OPTλ̂ ≤ (3 + )OPTc , for any  > 0.
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Proof. We have that OPTλ̂ ≤ αOPTλ1 + (1 − α)OPTλ2 ≤ αRev(S1 ) + (1 − α)Rev(S2 ) + Revmin ≤
(3 + )OPTc , as desired. The first inequality follows because OPTλ̂ ≤ OPTλ1 , OPTλ2 by definition
of λ̂. The last inequality follows because we have shown above that αRev(S1 ) + (1 − α)Rev(S2 ) ≤
3OPTc . To see this, note that S1 is feasible to the space constrained assortment problem and hence
αRev(S1 ) ≤ OPTc . Further, in Lemma 2.3, we show that Rev(Ŝ) ≥ 21 (1 − α)Rev(S2 ), and since Ŝ
is a feasible assortment, we have that (1 − α)Rev(S2 ) ≤ 2OPTc .
In the next section, we use the results and techniques developed in this section to establish new
results for the space constrained assortment problem under a model for vertically differentiated
products.

3

Sequential Flips Nonparametric Choice Model

In this section, we introduce and study a choice model which generalizes a classical model for
vertically differentiated products. For this model, solving the space constrained problem directly
is difficult. Instead, we show that the fixed cost assortment problem can be solved optimally via
a relatively straightforward dynamic programming approach. Using the two step approach that is
detailed in Section 2.1, this result immediately yields a constant factor approximation for the space
constrained version of the problem.
We now formally introduce the well-studied model of Mussa and Rosen (1978), which captures
the behavior of customers purchasing from a set of vertically differentiated products. In this
model, the random utility that an arriving customer associates with each product is assumed to be
a linear function of the product’s quality and price. Consequently, we refer to this model as the
linear utility choice model. More formally, given a set N = {1, . . . , n} of vertically differentiated
products we let the quality and price of each product i ∈ N be given by qi and pi , respectively.
An arriving customer associates utility Ui (θ) = θqi − pi with each product i ∈ N , where θ is
a random variable with arbitrary distribution F (θ). This random variable reflects the extent to
which arriving customers value the quality of the product. The no-purchase option, also referred
to as product 0, is assumed to have utility U0 (θ) = 0. We assume customers are utility maximizing
and thus will purchase the offered product with the highest positive utility. In particular, if the
retailer offers assortment S ⊆ N , then we can express the probability that an arriving customer
purchases product j ∈ S as Prj (S) = Pr(Uj (θ) = maxi∈S∪{0} Ui (θ)).
The sequential flips nonparametric model is inspired by considering the linear utility model from
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a nonparametric perspective. We refer to our new choice model as the sequential flips nonparametric
choice model since it is a special case of the general nonparametric choice model. In the general
nonparametric choice model, we are given a set of customer classes G = {1, . . . , m}, where each
customer class g ∈ G arrives with probability λg and is associated with an arbitrary ranking σg on
N + = N ∪ {0}, the set of all products and the no-purchase option. For i ∈ N +, let σg (i) give the
index of product i in customer class g’s preference list. We use the convention that lower indexed
products have a higher ranking. So a product that is first in a customer’s preference list has the
highest ranking. An arriving customer will purchase her highest ranked offered item, which could
potentially be the ever-present no-purchase option. In particular, if the retailer offers an assortment
S ⊆ N , then a customer of class g will purchase product
πg (S) := argmin σg (i).
i∈S∪{0}

For an offered assortment S ⊆ N , we can express the probability that product j is purchased as
P
Prj (S) = g∈G:πg (S)=j λg .
Under the sequential flips nonparametric choice model, the set of customer classes can be
indexed such that the preference list for customer class g + 1 can be derived from the preference
list for customer class g by merely swapping the ordering of two adjacent products in customer
class g’s preference list. More formally, for customer class g ∈ G, let products lg and kg satisfy
σg (lg ) = σg (kg ) − 1 and assume that these are the two products that swap places to produce the
preference list of customer class g + 1. Then, the preference list of customer class g + 1 can be
written as



if i 6∈ {lg , kg }
σg (i)
σg+1 (i) = σg (lg ) if i = kg
.


σg (kg ) if i = lg

For the remainder of this paper, we assume that the customer classes are indexed as described
above.
The second restriction we impose on the set of preference lists is that once one product swaps
ahead of another product in a preference list, it can never swap back. In other words, for any pair
of products j, k ∈ N , let G(j, k) = {g ∈ G : σg (j) < σg (k)} be the set of customer classes for which
product j is preferred to product k. This restriction implies that G(j, k) is a consecutive set of
customer classes. Note that with this restriction in place, it is not hard to see that m = O(n2 ).
Lastly, for ease of presentation, we assume that the no-purchase option never swaps above another
product. This implies that if a customer of class g makes a purchase, then all customers of class
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g 0 > g will also make a purchase. All results continue to hold without this last restriction.

3.1

Relationship to Linear Utility Model

Before considering the fixed cost assortment problem, we first prove that the sequential flips nonparametric choice model generalizes the linear utility choice model. Given any arbitrary linear
utility choice model on n products with prices p = {p1 , . . . , pn } and qualities q = {q1 , . . . , qn },
we define Θ(p, q) = {θ1 , θ2 , . . . , θm , θm+1 } to be the ordered values of θ > 0 for which at least two
products have the same utility, meaning there exists i, j ∈ N + such that θqi −pi = θqj −pj . We also
set θ1 = F −1 (0) and θm+1 = F −1 (1) to represent the endpoints of the distribution of θ, possibly
equal to −∞ or ∞. Since the utilities are linear functions of θ, m = O(n2 ) since n lines have at
most O(n2 ) intersection points. Consider the following set of intervals I = {I1 , . . . , Im }, where
Il = [θl , θl+1 ] for all 1 ≤ l ≤ m. Note that, by construction, any customer that arrives with θ ∈ Il
will have the same ordering of product utilities. Let ρl give this ordering of the product utilities
when θ ∈ Il , and let ρl (i) give the index of product i in this ordering. Again, we use the convention
that a lower index in this ordering implies a higher utility. See Figure 1 for a full visualization
of this procedure. For a given linear utility choice model, the following proposition shows how to
construct an equivalent sequential flips nonparametric choice model.
Proposition 3.1. For an arbitrary linear utility choice model with utility intersection points given
by Θ(p, q) = {θ1 , θ2 , . . . , θm , θm+1 }, we can construct an equivalent sequential flips nonparametric
choice model with G = {1, 2, . . . , m} by setting the arrival probability of each customer class l ∈ G
is λl = P (θ ∈ Il ) and the preference list for customer class l is created by setting σl (i) = ρl (i) for
all i ∈ N .
Proof. Under this sequential flips nonparametric choice model, let P̂rj (S) be the probability that
product j is purchased when assortment S ⊆ N is offered. Then,
X

P̂rj (S) =

=
=

λl

l∈G:πl (S)=j
m
X

1j=argmini∈S∪{0} σl (i) Pr(θ ∈ Il )

l=0
m
X

1j=argmaxi∈S∪{0}:θ∈Il Ui (θ) Pr(θ ∈ Il )

l=0

= Pr(Uj = max Ui (θ))
i∈S∪{0}
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U3
U2
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θ

Figure 1: Visualization of the transformation from the linear utility model to the sequential flips
nonparametric choice model for a 3 product example with 5 customer classes. Note that we have
σ1 = [0, 1, 2, 3], σ2 = [1, 0, 2, 3], σ3 = [1, 2, 0, 3], σ4 = [2, 1, 0, 3], σ5 = [2, 1, 3, 0], σ6 = [2, 3, 1, 0], σ7 =
[3, 2, 1, 0].
as desired. The second equality follows from the definition of λl , and the third equality follows
since the ordering of the products in customer class l’s preference list is the same as the ordering
of the utilities in Il .

Advantages of the sequential flips model. We contend that the sequential flips nonparametric
choice model should be viewed as an improved way to represent the linear utility model. First,
consider the process of estimating the underlying parameters of each model using historical data.
In the case of the linear utility model, this task is near impossible without the transformation to the
sequential flips model that we propose. To see this, consider the maximum likelihood problem that
results when one attempts to estimate the parameters of the linear utility model from historical
sales data. Even when the distribution F (θ) with support [0, θ̄] is given, it is still difficult to write
the likelihood for a single purchase event as a function of the qualities of each product. Namely,
consider the event that assortment S is offered and product i ∈ S is purchased. In this case, the
R θ̄
likelihood is simply the purchase probability Pri (S) = 0 1{qi θ −pi ≥ maxj qj θ −pj }dθ. The lack of
a closed form expression for Pri (S) shows that there is little hope for a tractable MLE approach to
estimate the qualities of each product. Pan and Honhon (2012) fit linear utility models to iPhone
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sales data, but because of the inherent difficulty just discussed, they revert to what essentially
amounts to guessing the distribution F (θ) and the qualities of each product.
On the other hand, in estimating the sequential flips nonparametric choice model, there are
many settings that involve vertically differentiated products where we can assume the qualities of
each product are given, and then use Proposition 3.1 to derive the set of preference lists. In the
case of hotels or restaurants, one could simply use the published star rating as the qualities. In
the second case study presented in Pan and Honhon (2012), where the authors fit a linear utility
model to USB stick sales data, the authors simply take the memory of each different stick to be the
quality. Given the set of preference lists, we can then use MLE to find the corresponding arrival
probabilities of each customer type, which is akin to estimating the distribution F (θ). In this case,
it is well known (see van Ryzin and Vulcano (2017)) that the MLE problem is concave in the arrival
probabilities.
In Appendix B, we provide a simple set of computational experiments that illustrates this
advantage. In this study, we find significant improvements in the accuracy of our fitted models
when we view the linear utility model through the lens of the sequential flips nonparametric choice
model. Since the focus of this paper is on developing tractable algorithms for assortment problems,
we leave a more extensive set of experiments for future work.
A second advantage of casting the linear utility model as a sequential flips nonparametric choice
model is that this perspective allows us to develop a simple dynamic program for the fixed cost
assortment problem. Our dynamic programming approach revolves around a simple recursive way
to compute the expected revenue of any assortment by exploiting the relationship between the
preference lists of adjacent customer types in the sequential flips model. We detail this approach
in the next section.

3.2

The Fixed Cost Assortment Problem

In this section, we study the fixed cost assortment problem given in (2) under the sequential
flips nonparametric choice model. The authors of Pan and Honhon (2012) show that the fixed
cost assortment problem under the linear utility choice model can be recast as a shortest path
problem. We boil down the insights used to create the shortest path problem into a simple dynamic
programming framework, which allows us to solve the fixed cost assortment problem for the more
general sequential flips nonparametric choice model with a runtime that improves upon the approach
of Pan and Honhon (2012) by a factor of n. This result immediately implies a a
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1−
3 -approximation

for the space constrained version of the assortment problem, which we show to be NP-Hard in
Appendix A.2.
Before we present the dynamic program, we derive an efficient way to compute the product
that a particular customer class will purchase. For any assortment S ⊆ N , we first note that the
product that customer class g purchases can be derived only from two pieces of information: the
product purchased by customer class g − 1 and whether or not product kg is offered. Recall that kg
is the product that flipped above product lg to form customer class g. Therefore, if customer class
g − 1 purchases product j 6= lg , then we know that customer class g must also purchase product
j. On the other hand, if customer class g − 1 purchases product j = lg , then customer class g will
purchase product kg if kg ∈ S and product j otherwise. In other words, for assortment S ⊆ N we
have that

(
πg−1 (S), if kg ∈
/ S or πg−1 (S) 6= lg
πg (S) =
.
kg
if kg ∈ S and πg−1 (S) = lg .

(4)

Building on this observation, it becomes fairly straightforward to develop a simple recursion
for computing the revenue of any assortment. Let R(S, g) be the revenue accrued from customer
classes g, g + 1, . . . , m from assortment S ⊆ N . For any assortment S ⊆ N and customer class
g ∈ G, we can compute R(S, g) through the following recursion:


λ1 rπ1 (S) − fπ1 (S) + R(S, 2) g = 1
R(S, g) = λg rπg−1 (S) + R(S, g + 1)
if kg ∈
/ S or πg−1 (S) 6= lg


if kg ∈ S and πg−1 (S) = lg
λg rkg − fkg + R(S, g + 1)
with base case
R(S, m + 1) = 0.
We can rewrite this recursion more concisely by aggregating consecutive customer classes that
purchase the same product. To do so, we introduce the following two definitions for g > 1. Let
O(g) := min{g 0 > g : lg0 = kg }
N (g) := min{g 0 > g : lg0 = lg }.
For the case where there does not exists g 0 > g such that lg0 = kg , we set O(g) = m + 1. In the
analogous setting for N (g), we also set N (g) = m + 1. There are a two important insights about
O(g) and N (g). First, we have that kg = lO(g) and lg = lN (g) , by construction. Further, note that if
customer class g purchases product kg , so will all customer classes indexed g + 1, . . . , O(g) − 1. On
the other hand, if customer class g purchases product lg , we know that customer classes indexed
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g + 1, . . . , N (g) − 1 must also purchase lg . For g = 1, we develop a slightly modified version of O(g)
that is a function of the product purchased by the first customer class. Let N1 be all products j
such that σ1 (j) ≤ σj (0). This is the set of all products, including the no-purchase option, that the
first customer class could have purchased. Then, for j ∈ N1 , we define
O(1, j) := min{g 0 > 1 : lg0 = j}.
Again, if there does not exist customer class g 0 > 1 such that lg0 = j, then we set O(1, j) = m + 1.
Building on this notation, we also find associated probabilities for these intervals in which
customers purchase the same product. For each customer class g, we define
O(g)−1

Qo (g) :=

X

N (g)−1

λq

and

Qn (g) :=

q=g

X

λq ,

q=g

and for each product j ∈ N1 , we define
O(1,j)−1

X

1

Q (j) :=

λq .

q=1

These terms are useful for developing concise notation when computing expected revenues of assortments. Specifically, for any assortment S ⊆ N and any customer class g ∈ G such that πg−1 (S) = lg
we have that

1

rπ1 (S) Q (π1 (S)) − fπ1 (S) + R(S, O(1, π1 (S))) g = 1
R(S, g) = rlg Qn (g) + R(S, N (g)),
if kg ∈
/S


o
if kg ∈ S
rkg Q (g) − fkg + R(S, O(g))

(5)

with base case
R(S, m + 1) = 0.
This more concise recursion is critical in proving the correctness of the dynamic program that we
develop next. The value function V (g) in our dynamic program represents the maximum expected
revenue accrued from customer classes g, g + 1, . . . , m when customer class g − 1 purchases product
lg . The dynamic program is given below.
(
max{rkg Qo (g) − fkg + V (O(g)), rlg Qn (g) + V (N (g))}
V (g) =
maxj∈N1 {rj Q1 (j) − fj + V (O(1, j))}
with base case
V (m + 1) = 0.
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g>1
g=1

(6)

Note that V (1) will be the maximum expected revenue from all customer classes and the maximization over j ∈ N1 represents which product a customer of class g = 1 purchases (possibly
equal to the no-purchase option). For g > 1, the first case of the maximum given in (6) represents
choosing to offer product kg , which costs fkg and implies that customer classes g, g + 1, . . . , O(g) − 1
also purchase this product. The second case represents not offering product kg and hence customer
classes g, g +1, . . . , N (g) purchase product lg . The following theorem shows that our value functions
have the desired interpretation.
Theorem 3.2.
V (g) =






max

S⊆N :
πg−1 (S)=lg

R(S, g)

if g > 1
.



max R(S, 1)

(7)

if g = 1

S⊆N

Proof. We show both cases in the theorem statement by induction. First, we consider the case in
which g > 1. The result holds trivially for the base case for customer class m + 1. Therefore, we
assume inductively that the result holds for customer classes g 0 > g and prove the result for g.
Let S ∗ be the assortment that maximizes the right hand side of (7) for customer class g.
Suppose that kg ∈ S ∗ . Then, all customers from g to O(g) − 1 purchase product kg . Further,
by our assumption that two products never flip twice, no customer class g 0 > g will purchase
product lg . In other words, for any subset S ⊆ N such that πO(g)−1 (S) = kg , we know that
R(S, O(g)) = R(S ∪ {lg }, O(g)). Therefore, given our assumption that kg ∈ S ∗ , S ∗ also maximizes
R(S, O(g)), and
max

S⊆N :
πg−1 (S)=lg

R(S, g) = rkg Qo (g) − fkg +

max

S⊆N :
πO(g)−1 (S)=kg

R(S, O(g))

= rkg Qo (g) + V (O(g)),
where the first equality holds by our assumption of kg ∈ S ∗ and our observation above, and the
second equality follows by the inductive hypothesis. Similarly, if kg ∈
/ S ∗ then we have
max

S⊆N :
πg−1 (S)=lg

R(S, g) = rlg Qn (g) +

max

S⊆N :
πN (g)−1 (S)=lg

R(S, N (g))

= rlg Qn (g) + V (N (g)).
By taking the maximum of the two cases above,
max

S⊆N :
πg−1 (S)=lg

R(S, g) = max{rkg Qo (g) − fkg + V (O(g)), rkg Qn (g) + V (N (g))} = V (g),
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where the second equality follows by definition of V (g). For g = 1, a similar argument conditioning
on the product purchased by the first customer class yields
max R(S, 1) = max{rj Q1 (j) − fj + V (O(1, j))} = V (1).
S⊆N

j∈N1

Theorem 3.2 immediately gives that V (1) = OPTf , which proves the correctness of the dynamic
program given in (6). In the proposition below, we show that the value functions can be computed
in a runtime of O(m).
Proposition 3.3. The value functions of the dynamic program given in (6) can be computed in
O(m) = O(n2 ) operations.
Proof. We delay the proof to Appendix A.
The argument that we use to prove Proposition 3.3 relies on a method to efficiently compute
the two sums in (6) for each customer class g ∈ G. Our final runtime of O(m) = O(n2 ) improves
upon the best previous runtime of O(n3 ) for the unconstrained assortment problem under the linear
utilities model achieved by Pan and Honhon (2012). Considering that it takes O(m) operations to
compute the revenue of any assortment, it is likely that our approach achieves the best possible
runtime.

4

Computational Experiments

In this section, we present computational experiments on a testbed of randomly generated choice
models in order to better understand the performance of our algorithm in practice. Specifically,
we test the performance of our algorithm on sequential flips (SF) choice models, multinomial logit
(MNL) choice models, and Markov chain (MC) choice models. For these three choice models, the
underlying fixed cost problem is solved exactly, approximately, or heuristically, respectively. All
experiments were implemented in C++11 and conducted on a MacBook Air with a 1.7 GHz Intel
Core i5 processor and 4 GB of RAM. We detail the testbed of instances for each choice model
below. For all instances, we set n = 100.
Sequential Flips Instances.

Consistent with the motivation for the sequential flips model, we

use an underlying linear utilities model to generate each test choice model. In particular, we
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first independently generate the quality qi and space consumption ci for each product i uniformly
at random on the interval [0, 1]. Next, we set the price of each product i to be pi = f (qi ), an
increasing function of the quality. We first note that setting f to be a linear function of the
qualities implies that all customers prefer higher quality products to lower quality products leading
to a trivial optimization problem. Therefore, to test various sensitivities to quality, we either set
f (q) = α exp(q) + β or f (q) = αq 2 + β. To determine α and β, we set the lowest price of a product
to be pl = 100 and the highest price to be ph ∈ {500, 1000}. By varying ph , we capture settings with
lower or higher price differentiation. We let exp denote the function f when f (q) = α exp(q) + β,
and we let quad denote f when f (q) = αq 2 + β.
As shown in Proposition 3.1, the prices and qualities of products determine the set of preference
lists for the corresponding sequential flips choice model. Therefore, all that is left to do is to set the
arrival probabilities for each preference list. To do so, we first discard all preference lists where 0
is the first choice product since these lists represent customers for which θ is small enough so that
the utility of every product is negative. The remaining lists we index 1, 2, . . . , m such that list g
is generated from list g − 1 by flipping two products. By the nature of the linear utilities model,
these flips represent higher quality (higher priced) products flipping above lower quality (lower
priced) products. Given this intuition, we set the probability of list g ∈ {1, 2, . . . , m} to either be
λg = h(g) = U [0, 1] or λg = h(g) = (m − g + 1) · U [0, 1], where U [0, 1] represents an independent
uniform random variable on the interval [0, 1]. We then normalize these probabilities. In the first
case, arriving customers are equally likely to have preference lists with low or high values of θ and
so there is an even balance between more price-conscious or more quality-conscious customers. On
the other hand, in the second case, arriving customers are more likely to have low values of θ and so
are more likely to be price-conscious. This implies that higher revenue products capture a smaller
piece of the overall population so there is a more delicate trade-off with regards to which products
to offer. We let rand denote the function h when h(g) = U [0, 1] and let dec denote the function h
when h(g) = (m − g + 1) · U [0, 1].
For every parameter setting SF(ph , f, h) with ph ∈ {500, 1000}, f ∈ {exp, quad}, and h ∈
{rand, dec}, we generate 100 random instances. We solve the corresponding fixed cost problem
using the algorithm described in Section 3.2.
Multinomial Logit Instances. We use a similar approach to generate our MNL instances. For
each product i we uniformly generate value vi on the interval [0, 50] and set v0 = 10. Recall that
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under the MNL model the probability that product i is purchased in assortment S is
Pr i (S) =

v0 +

v
Pi

j∈S

vj

.

Then, to test various sensitivities to value, we either set ri = f (v) = α exp(v) + β or ri = f (v) =
αv 2 + β. To determine α and β, we set the lowest price of a product to be pl = 100 and the highest
price to be ph ∈ {500, 1000}. We let exp denote the function f when f (q) = α exp(q) + β, and we
let quad denote f when f (q) = αq 2 + β.
Last, we generate n space consumptions uniformly on the interval [0, 1]. We denote this vector
of capacities as cap and assume that products are indexed by revenue. It is well-known that optimal
assortments for the uncapacitated assortment problem under the MNL choice model are revenueordered. Therefore, we either set the capacity of product i to be h(i) = cap[i] or h(i) = sort(cap)[i].
The former associates random capacities with each product while the latter case sorts capacities by
revenue and is more likely to break the structure of the uncapacitated optimal solution. We let rand
denote the function h when h(i) = cap[i] and let inc denote the function h when h(i) = sort(cap).
For every parameter setting ML(ph , f, h) with ph ∈ {500, 1000}, f ∈ {exp, quad}, and h ∈
{rand, inc}, we generate 100 random instances. The fixed cost problem under the MNL model
is NP-hard. Therefore, we solve the corresponding fixed cost problem using the approximation
algorithm described in Kunnumkal and de Albeniz (2017).
Markov Chain Instances. Last, we generate the Markov chain instances. In this setting, the
corresponding choice process is represented by a Markov chain on the set of products (plus the
no-purchase option) in which offered products are absorbing states and the corresponding purchase
probability is the probability of absorption. For each product i, we uniformly generate each entry
of the ith row of the transition matrix T on the interval [0, 1] (setting Tii = 0) and then scale so
that the transition probabilities sum to 1. Next, to test various sensitivities to value, we either set
ri = f (x) = α exp(x) + β or ri f (x) = αx2 + β, where x is randomly generated on the interval [0, 1].
To determine α and β, we set the lowest price of a product to be pl = 100 and the highest price to
be ph ∈ {500, 1000}. We let exp denote the function f when f (q) = α exp(q) + β, and we let quad
denote f when f (q) = αq 2 + β. We then generate space consumption ci uniformly on the interval
[0, 1].
Last, we generate n initial arrival probabilities uniformly on the interval [0, 1]. We denote this
vector of probabilities as probs and assume that products are indexed by revenue. We then either
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set the arrival probability of product i to be h(i) = probs[i] or h(i) = sort(probs)[n − i]. The
former case associates random arrival probabilities with each product while the latter case sorts
the arrival probabilities by decreasing revenue and is likely to yield a more complicated trade-off
between revenue and purchase probability. We let rand denote the function h when h(i) = cap[i]
and let dec denote the function h when h(i) = sort(cap).
The fixed cost problem under the MC choice model is NP-hard, and to the best of our knowledge,
there is no known approximation algorithm. Therefore, we solve the corresponding fixed cost
problem using a local search algorithm that on each iteration considers adding a product, removing
a product, or swapping one product in and one product out of the assortment to increase revenue.
This is a heuristic and is not guaranteed to find an optimal solution. However, we find that in
practice it performs well.
Upper Bounds For each instance, we first solve the uncapacitated problem to find the optimal
assortment S u . We then solved the space constrained assortment problem for both C = 0.5 · C(S u )
and C = 0.75 · C(S u ) with  = 0.01. To analyze the returned solution S ∗ for the sequential flips
instances, we note that Proposition 2.5 implies that UB = [αRev(S1 ) + (1−α)Rev(S2 )]/(1−) is an
upper bound on the optimal revenue for the space constrained problem. This is a useful metric for
the retailer to analyze the returned solution. However, for the MNL and MC instances this upper
bound does not apply since we do not optimally solve the fixed cost problem. Instead, we find
the optimal expected revenue by solving integer programs for the corresponding space constrained
problem (see Kunnumkal (2015) for the MNL model and Désir et al. (2015) for the MC model).
Although inefficient relative to the speed of our two step approximation scheme, this approach
allows us to more accurately analyze the performance of our returned assortments.

4.1

Results

The results of the experiments are reported in Table 2. Column 1 gives the instance type. For the
case when C = 0.5 · C(S u ), Column 2 reports the average runtime in seconds, Column 3 reports
the average number of products offered, Column 4 reports the relative cardinality of the outputted
assortment compared to |S u |, Column 5 reports the percentage of products offered that overlap with
S u , Column 6 reports the average optimality gap, and Column 7 reports the maximum optimality
gap. Columns 8-13 report the same for C = 0.75 · C(S u ).
We first note the surprising efficiency of the algorithm despite the binary search on λ to find
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Instance

SF(500,exp,dec)
SF(500,exp,rand)
SF(500,quad,dec)
SF(500,quad,rand)
SF(1000,exp,dec)
SF(1000,exp,rand)
SF(1000,quad,dec)
SF(1000,quad,rand)
ML(500,exp,inc)
ML(500,exp,rand)
ML(500,quad,inc)
ML(500,quad,rand)
ML(1000,exp,inc)
ML(1000,exp,rand)
ML(1000,quad,inc)
ML(1000,quad,rand)
MC(500,exp,dec)
MC(500,exp,rand)
MC(500,quad,dec)
MC(500,quad,rand)
MC(1000,exp,dec)
MC(1000,exp,rand)
MC(1000,quad,dec)
MC(1000,quad,rand)

Time
(s)
2.57e-4
2.46e-4
5.00e-4
4.35e-4
4.96e-4
5.37e-4
6.61e-4
5.82e-4
4.71e+0
3.98e+0
2.55e+0
3.23e+0
4.73e+0
3.03e+0
2.60e+0
3.64e+0
3.00e+1
3.40e+1
2.99e+1
3.32e+1
3.00e+1
3.21e+1
2.86e+1
3.23e+1

C = 0.5 · C(S u )
%
%
Avg.
Size
Size Over Gap
9.55 64.3 80.3 0.03
7.21 68.2 76.1 0.09
12.33 59.6 75.3 0.02
5.27 68.3 76.6 0.09
13.37 57.8 78.2 0.02
9.21 68.2 69.2 0.05
8.84 55.9 80.7 0.01
3.3
68.0 79.9 0.18
3.56 60.0 95.9 0.24
3.73 61.6 95.2 0.21
3.15 60.1 94.1 0.23
3.19 57.6 94.7 0.40
3.44 61.8 92.3 0.42
3.41 59.3 97.0 0.20
3.01 60.8 93.5 0.43
2.84 58.1 92.8 0.41
6.45 44.2 100.0 0.15
6.53 44.2 100.0 0.16
5.9
43.6 100.0 0.23
5.75 43.4 100.0 0.40
6.21 44.3 99.7 0.27
6.12 43.7 100.0 0.21
5.48 42.9 99.6 0.35
5.4
42.8 100.0 0.38

Max.
Gap
0.16
0.81
0.08
1.09
0.14
0.22
0.03
1.30
2.17
2.16
3.06
3.02
5.62
2.12
4.86
5.54
2.42
2.62
5.34
7.66
3.12
2.80
6.43
6.89

Time
(s)
2.93e-4
3.18e-4
5.65e-4
5.77e-4
5.77e-4
6.18e-4
7.38e-4
6.63e-4
4.67e+0
4.18e+0
2.55e+0
3.27e+0
4.67e+0
3.13e+0
2.66e+0
3.64e+0
2.89e+1
3.10e+1
2.85e+1
3.15e+1
2.90e+1
3.04e+1
2.72e+1
3.02e+1

C = 0.75 · C(S u )
%
%
Size
Size Over
11.4 76.0 92.0
8.23 77.5 88.0
15.48 74.2 92.2
6.06 76.4 90.9
17.21 73.8 95.1
10.35 76.9 82.8
11.97 75.1 98.2
3.95 79.4 86.3
4.47 75.4 99.3
4.59 75.3 99.1
3.9
73.9 98.1
4.09 73.8 99.0
4.28 75.7 98.7
4.19 73.2 98.9
3.73 74.3 98.7
3.56 72.6 97.9
9.56 69.6 100.0
9.72 69.9 100.0
8.8
69.5 100.0
8.55 69.1 100.0
9.19 69.6 100.0
9.15 69.7 100.0
8.21 69.3 99.9
8.03 68.5 100.0

Avg.
Gap
0.01
0.02
0.01
0.03
0.01
0.02
0.00
0.12
0.08
0.08
0.18
0.11
0.06
0.10
0.16
0.10
0.01
0.02
0.03
0.05
0.02
0.01
0.02
0.03

Max.
Gap
0.11
0.14
0.05
0.80
0.05
0.17
0.02
1.06
0.70
1.14
2.03
1.21
0.77
1.01
1.64
1.36
0.68
0.78
1.35
1.44
0.73
0.43
0.96
1.49

Table 1: Performance of the space-constrained approximation scheme on a set of choice models.
Reported numbers are averages unless otherwise stated.
S1 and S2 . The largest average runtime was 0.0006 seconds for SF model instances, 4.7 seconds for
MNL model instances, and 34 seconds for MC model instances, where this increase is due to the
time spent solving the underlying fixed cost problem. Further, the algorithm performs significantly
better than the approximation guarantee. The largest optimality gap seen was 1.3% for the SF
model instances, 5.62% for the MNL model instances, and 7.66% for the MC model instances with
the average optimality gap never exceeding 0.4% over all test cases. Interestingly, the fact that we
only heuristically solve the fixed cost assortment problem for the MC models does not seem to have
a drastic effect on the profitability of the assortments that our approximation scheme produces.
This result suggests that a provably good approximation scheme for the fixed cost assortment
problem is not a barrier for using our approach. We also find that setting C = 0.5 · C(S u ) yields
larger optimality gaps than C = 0.75 · C(S u ), which matches our intuition that as we make the
space constraint tighter, the assortment problem becomes harder. For the MC model instances, we
observe that the returned assortments have the smallest cardinalities relative to |S u |. This indicates
that there may be a small subsets of products that garner a large portion of the revenue.
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With regards to the overlap in composition between the returned assortment and S u , we find under the MNL and Markov chain choice models that the two assortments very much align, indicating
that a heuristic which solves unconstrained assortment problems and then greedily removes products from this assortment might perform well for some instances of the space constrained problem.
On the other hand, for the sequential flips model, we find that the two assortments are less aligned;
suggesting that when products are vertically differentiated, it is important to account for a space
constraint by specifically solving space constrained assortment problems. When C = 0.5 · C(S u ),
we find that this is especially the case. In this tighter capacity setting, the overlap can be as
low as 69%; we observe that the returned assortment seems to retain a key subset of the optimal
unconstrained assortment and then adds in products with high revenue and low capacity.

5

Conclusion

In this paper, we present a link between the space constrained assortment problem and the fixed
cost assortment problem for any random utility choice model by developing an approximation
scheme for the former that relies on a black box solver for the latter. Most notably, this approximation scheme allows us to solve the space constrained assortment problem for the sequential flips
model, a generalization of the classical linear utilities model. Further, we show that this approach
performs near optimal in practical experiments. One interesting direction for future work could
be to investigate whether the fixed cost problem can be shown to be strictly easier than the space
constrained problem. In other words, can an optimal algorithm for the space constrained problem
be used as a black box to provide an optimal algorithm for the fixed cost problem? This is certainly true when the fixed costs are the same for each product; one can simply enumerate over the
n guesses for the sum of the fixed costs in the optimal solution and write a constraint akin to a
space constraint enforcing that the sum of the fixed cost of the chosen assortment does not exceed
this guess. However, this technique cannot be extended easily for arbitrary fixed costs.
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A

Proofs

A.1

Extension of Approximation Guarantee

Theorem A.1. If there exists a δ-approximation algorithm, where 0 ≤ δ ≤ 1, for the fixed cost
(1−)δ
3 -approximation aloptimization problem and a (1−)δ
2 -

assortment optimization problem under any RUM, then there exists a
gorithm for the corresponding space constrained assortment

approximation algorithm for the cardinality constrained assortment optimization problem.
Proof. We construct α, S1 , and S2 as before using bisection search with calls to the approximation
algorithm for the fixed cost assortment problem. As before, suppose that we can find λ∗ ≥ 0 such
that C(Sλ∗ ) = C. Then,
Rev(Sλ∗ ) = Rev(Sλ∗ ) − λ∗ C(Sλ∗ ) + λ∗ C ≥ δ · OPTλ∗ ≥ δ · OPTc .
This implies that we are within a factor of δ of the optimal revenue for the space constrained
assortment problem. We show that we either we can find λ∗ or we can find Sλ1 and Sλ2 along with
a carefully chosen α such that αRev(S1 ) + (1 − α)Rev(S2 ) ≥ δ(1 − ) · OPTc for any  ≥ 0. Hence,
in the worst case, we produce an assortment with an approximation guarantee of

(1−)δ
3 ,

using the

results of Section 2.1.
We find Sλ1 and Sλ2 through bisection search on the same interval [0, rmax /cmin ]. Again, initially,
we set λ1 = 0 and λ2 = rmax /cmin . Note that for λ = λ1 the problem reduces to the unconstrained
assortment problem. If C(Sλ1 ) ≤ C, then Rev(S1 ) ≥ δOPTc . Otherwise, assume C(Sλ1 ) > C.
On the other hand, for λ = λ2 the penalty for offering any subset is always at least the revenue
generated by that subset and Sλ2 = ∅. Consequently, C(Sλ2 ) < C < C(Sλ1 ). Given λ1 and λ2 , in
each iteration the algorithm tests the midpoint λ0 = 12 (λ1 + λ2 ). If C(Sλ0 ) = C, then we return
Sλ0 . Otherwise, if C(Sλ0 ) > C, then we set λ1 = λ0 , and if C(Sλ0 ) < C, then we set λ2 = λ0 . We
repeat this process until either we find an assortment with a space consumption of exactly C or
until λ2 − λ1 ≤ (δRevmin )/C.
Given S1 = Sλ1 and S2 = Sλ2 as constructed above, we set
α=

C − C(S2 )
.
C(S1 ) − C(S2 )

By construction of S1 and S2 , 0 ≤ α ≤ 1. First, we note that
αC(S1 ) + (1 − α)C(S2 ) =

C − C(S2 )
C(S1 ) − C
C(S1 ) +
C(S2 ) = C.
C(S1 ) − C(S2 )
C(S1 ) − C(S2 )
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Second, we analyze the revenue of the convex combination. For any λ ≥ 0, we note that OPTλ ≥
OPTc since any feasible assortment only has higher revenue in this fixed cost problem. Therefore,
δOPTc ≤ δ [αOPTλ1 + (1 − α)OPTλ2 ]
≤ αRev(S1 ) + (1 − α)Rev(S2 ) + αλ1 [C − C(S1 )] + (1 − α)λ2 [C − C(S2 )]
= αRev(S1 ) + (1 − α)Rev(S2 ) + λ2 (α[C − C(S1 )] + (1 − α)[C − C(S2 )])
− (λ2 − λ1 )α(C − C(S1 ))
= αRev(S1 ) + (1 − α)Rev(S2 ) − (λ2 − λ1 )α(C − C(S1 ))
≤ αRev(S1 ) + (1 − α)Rev(S2 ) + (λ2 − λ1 )C
≤ αRev(S1 ) + (1 − α)Rev(S2 ) + δRevmin ,
where the second to last inequality follows from our stopping criterion on the difference between
λ2 and λ1 .

A.2

Computational Complexity of Space Constrained Problem

Theorem A.2. The space constrained assortment problem under the SF nonparametric choice
model is NP-Hard.
Proof. We use a reduction from the knapsack problem. Given an instance of the knapsack problem
with n items, let v1 , . . . , vn be the values of the items and let w1 , . . . , wn be the sizes of the items.
We assume that the items are indexed such that if i < j then vi ≤ vj .
We create an equivalent instance of the space constrained assortment problem under the SF
nonparametric choice model. First, we create 2n−1 products indexed by the set N = {1, 2, . . . , 2n−
1} and set M > maxi vi . For odd i ∈ N , we set ri = v(i+1)/2 + M · (i − 1)/2 and set ci =
w(i+1)/2 . For even i ∈ N , we set ri = M · i/2 and set ci = 0. We start with the preference list
[2n−1, 2n−2, . . . , 1, 0]. Then, we flip product 2n−1 down until it flips with product 0. This creates
the preference list [2n−2, 2n−3, . . . , 0, 2n−1]. We continue to iteratively flip the current first choice
product down until it flips with product 0 to create 2n − 1 customer classes with preference lists
of the form [i, i − 1, . . . , 1, 0, . . .] for i = 1, . . . , 2n − 1 each arriving with unnormalized probability
λg = 1. All other generated preference lists have arrival probability λg = 0. Last, we set C = W .
We first show that it is always optimal to offer all even indexed products. To see this, note that
an even indexed product i only blocks products 1, . . . , i − 1, which all have lower revenues than
product i, by construction. Further, product i does not consume any space. Conditioned on the
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fact that even indexed products are always offered, we show that adding an odd indexed product
i generates an additional revenue of v(i+1)/2 . Specifically, for any assortment S containing all even
indexed products and i ∈
/ S, we have
Rev(S ∪ {i}) − Rev(S) = v(i+1)/2 + M · (i − 1)/2 − M · (i − 1)/2 = v(i+1)/2 .
This follows from the fact that the only customer class to switch products will be the customer
class with product i as their first choice product. Further, adding product i to the assortment takes
up additional space ci = w(i+1)/2 . Thus, the problem of determining which additional products to
offer (beyond all even indexed products) is exactly the original knapsack problem.

A.3

Proof of Proposition 3.3

The running time of the dynamic program depends on calculating the value functions V (g) that represent the maximum expected revenue accrued from customer classes g, g + 1, . . . , m when customer
class g − 1 purchases product lg . The dynamic program is given below.
(
max{rkg Qo (g) − fkg + V (O(g)), rlg Qn (g) + V (N (g))}
V (g) =
maxj∈N1 {rj Q1 (j) − fj + V (O(1, j))}

g>1
g=1

(8)

with base case
V (m + 1) = 0.
To solve the dynamic program, we will first calculate all N (g), O(g), Qo (g), Qn (g), and Q1 (j)
values in pre-processing. To do so, for each product i, we will keep a stack of tuples (g, Fg , I) where
P
g will be a customer class, Fg = g−1
i=1 λg , and I will either be O or N . Initially, all stacks will be
empty and we will set F = 0. For g = 1, 2, . . . m, we first empty the stack for lg .
• If the stack for lg is already empty, we set Q1 (lg ) = F and O(1, j) = g.
• Otherwise, for each (g 0 , Fg0 , O) on the stack for lg , we set
Qo (g 0 ) = F − Fg0
and for each (g 0 , Fg0 , N ) on the stack for lg , we set
Qn (g 0 ) = F − Fg0 .
We then add (g, F, O) to the stack for product kg and add (g, F, N ) to the stack for product lg .
Lastly, we set F = F + λg before moving to the next customer class.
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For each customer class g, (g, Fg , O) is added to the stack when processing g and it is removed
the first time lg0 = kg , and (g, Fg , N ) is added to the stack when processing g and removed the
first time lg0 = lg . Therefore, all O(g), Qo (g), N (g), and Qn (g) values are calculated correctly.
Similarly, Q1 (j) is set the first time lg = j so O(1, j) and Q1 (j) are set correctly. Further, the
pre-processing iterates through all customer classes and adds/removes each element to the stack
exactly once. Therefore, the overall running time is O(m).
After pre-processing, calculating all V (g) values involves iterating through all O(m) states and
taking the maximum over two possible values. This gives an overall running time of O(m) for the
assortment optimization algorithm.
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B

Estimating the Sequential Flips Model

We fit a sequential flips nonparametric choice model and a linear utility model to synthetically
generated sales data sets to see which model can more accurately capture customer purchasing
behavior on a set of ten vertically differentiated products indexed by the set N = {1, . . . 10}.
We assume that each model has access to the past purchasing history of τ customers given by
P Hτ = {(St zt )}, where St and Zt respectively give the set of products offered and the product
purchased for the tth customer. We vary τ ∈ {1000, 5000} to study the benefit of additional sales
data on the accuracy of the fits and for each value of τ , we generate five different streams of
sales data. We form the subsets St for each arrival by randomly including each product in N
with probability 0.5. Each arriving customer is assumed to make purchases according to a linear
utility model, which we refer to as the ground choice model GC. To capture a setting in which the
products could represent hotels, we assume that qi = i ∗ 0.5 so that a product’s quality could be
viewed as its star rating. We then generate the prices of each product so as to ensure that higher
quality products have higher prices. Specifically, we set pi = pi−1 + U [0, 100], where U [0, 100] is a
random variables that is uniformly distributed on the interval [0, 100] and p1 = U [0, 100]. Finally,
we assume that F (θ) is uniformly distributed on the interval [0, 200].
For the case of our linear utility model fits LU , we assume access to F (θ) and then we use MLE
to estimate the qualities of each product. Since the log-likelihood in this case is not concave, we
solve the MLE problem with ten different random starting points and ultimately choose the set
of parameter estimates that has the highest training log-likelihood. On the other hand, for our
sequential flips model fits SF , we assume access to the qualities qi of each product and we use
MLE to estimate the distribution F (θ). For choice model M ∈ {GC, LU, SF }, let PrM
i (S) be the
probability that product i is purchased under choice model M when assortment S ⊆ N is offered.
We measure the efficacy of the fitted model using the Mean Absolute Error (MAE) of the predicted
purchase probabilities for the two fitted models in relation to the true purchase probabilities dictated
by the ground choice model. More specifically, for fitted choice model M ∈ {LU, SF }, we let
P
P
GC
MAE(M ) = 2110 S⊆N i∈S |PrM
i (S) − Pri (S)|/|S| be the average error in predicted purchase
probability over every product in every assortment.
Table 2 shows the MAE of the two fitted choice models averaged over five different streams
of purchase histories. We observe that the average MAE of the fitted sequential flips models are
on average at least two orders of magnitude smaller than the MAE of the fitted linear utility
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τ
Model
SF
LU

1000
0.010
1.46

5000
0.006
1.27

Table 2: Average MAE of the two fitted models.

models. Hence, not only is the sequential flips model easier to estimate since the corresponding
MLE problem is concave, but the model’s estimates of purchase probabilities produced are far more
accurate than those produced by the fitted linear utility models.
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